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ABSTRACT

In confined plasmas, a localized fluctuation in a marginal or weakly damped region will propagate and generate an avalanche if it
exceeds a threshold. In this letter, a new model for turbulence spreading based on subcritical instability in the turbulence
intensity is introduced. We derive a quantitative threshold for spreading from a seed in a stable region, based on a competition
between diffusion and nonlinear growth of the turbulence intensity. The model resolves issues with the established Fisher
equation model for turbulence spreading, which is supercritical and cannot support the stationary coexistence of multiple
turbulence levels. Implications for turbulence spreading are discussed, including the dynamics of ballistic penetration of
turbulence into the stable zone. Tests of the theory are suggested.

Published under license by AIP Publishing. https://doi.org/10.1063/1.5083176

The paradigm of directed percolation1 is ubiquitous in non-
equilibrium statistical dynamics. Directed percolation is realized
by the contamination and ultimate excitation of, say, a localized
nonlinear oscillator by the interaction with its neighbors.2 For
the contaminated region to expand, the interaction must be
strong enough to excite neighbors against their damping. This
process of expansion of excited regions by directed percolation
is relevant to many problems in the spatiotemporal dynamics of
turbulence.3 These include, but are not limited to, the expansion
(and ultimate overlap) of turbulent slugs at the onset of turbu-
lence in high Reynolds number pipe flow turbulence,4,5 the
spreading of a turbulent patch,6 and the Loitsyansky problem7

for large-scale evolution of 3D turbulence. The theme of spread-
ing-by-contamination8 appears in the magnetic confinement
physics phenomena of turbulence spreading9–12 and avalanch-
ing.13–15 These closely related phenomena are of pragmatic
interest in that they delocalize the flux-gradient relation which
governs turbulent transport. This letter applies the physics of
spreading-by-contamination to propose a mechanism for how
turbulence penetrates stable regions.

Indeed, experiments and simulations of magnetic fusion
(MF) plasma strongly suggest that the transport can be nonlocal:
fluxes cannot be determined by local parameters and their
gradients but are generally given by some integrated spatiotem-
poral relation that depends on the global profile structure

(not only local gradients).16,17 Such phenomena cannot be
explained by diffusive or Fickian processes and instead depend
on fast propagation dynamics of turbulence in the plasma.
Turbulence spreading and avalanching, both of which involve
radial self-propagation of turbulence on mesoscales, are two
players which influence nonlocal transport. Turbulence spread-
ing, arguably the more general phenomenon, is the result of
nonlinear coupling between ballooning modes, which results in
spatial scattering and nonlinear diffusion of the turbulence
energy. Standard spreading problems are the spatiotemporal
evolution of a single, initially localized spot of turbulence and
the penetration of turbulence into a linearly stable region. An
avalanche refers to a bursty transport event which propagates
from an initial “seed” (some large, localized fluctuation) via the
sequential, domino-like overturning of cells, coupled through
local gradients. Avalanching exhibits many features of self-
organized criticality (SOC), such as 1/f noise.15

Spreading and avalanching share several common features.
Both appear on a broad range of mesoscales Dc � ‘� a; i.e.,
they are excitations longer than the correlation length of the
microturbulence but much shorter than the system size. Both
are fast relative to transport timescales but slower than the
microturbulence correlation time. Both originate from three-
mode coupling in wavenumber space. Also, both result in non-
linear, ballistically propagating fronts/pulses of turbulence, for
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which Dx � t. Therefore, it is desirable to describe spreading
and avalanching by a unified reduced model. Such a model
should not only capture the relatively well-understood superdif-
fusive turbulent front propagation but also should help us
understand under what conditions an avalanche will occur, i.e.,
it should predict the size and scale of the minimal seed.

The conventional approach10,12,18 to modeling turbulence
spreading is to use a simple, 1D equation for the turbulence
intensity field, in the spirit of a K–� model. Specifically, a
reaction-diffusion equation of Fisher (KPP) type is employed

@tI ¼ c0I� cNLI
2 þ @x D0I@xIð Þ: (1)

The first term on the RHS represents local linear turbulence
drive, with c0 the growth or damping rate. The second term
results in nonlinear saturation of the intensity at the mixing
length level I ¼ cNL/c0, when c0 > 0. The nonlinear damping cNL
includes effects due to zonal flow shearing and mode-mode
coupling. The third and final term is the nonlinear diffusion of
the turbulence energy due to mode-mode coupling, which
results in spatial scattering. This arises by closing the E�B con-
vective nonlinearity and employing an envelope approximation,
yielding19

X
k0
ðk � k0 � ẑÞ2j~/k0 j

2Rðk;k0ÞIk ! �
@

@x
DxðIÞ

@

@x
Ik

þkk : DIk; (2)

where R is a resonance function which determines the corre-
lation time, Dx ¼

P
k0 k
02
y j~/k0 j

2Rðk;k0Þ; and D ¼
P

k0 diagðk02x ; k02y Þ
j~/k0 j

2Rðk;k0Þ: [Here, diagða; bÞ refers to the 2� 2 diagonal
matrix with elements a and b.] The first term is the (radial)
nonlinear diffusion, and the second represents local nonlinear
transfer.We note that other forms (say, / Ia) of the diffusion are
possible, but the choice DðIÞ ¼ D0I is standard and simple. In
principle, the coefficients c0, cNL, and D0 are spatially varying,
but for simplicity, we will generally take them to be uniform.

In the Fisher model, turbulence spreading is realized by
propagating fronts which connect the turbulent and laminar
fixed points. However, such front solutions exist only in linearly
unstable regions, where the presence of any noise should have
already excited the system to turbulence. Thus, the fronts are
manifestly unphysical! Moreover, the Fisher model predicts very
weak, evanescent penetration of turbulence into linearly stable
regions, which is dubious in light of clear experimental observa-
tions of fluctuations occurring in such zones.20

In this letter, then, we introduce a new, phenomenological
model based on bistability of the turbulence intensity. This
model exhibits several desirable features in common with the
Fisher model, while simultaneously providing a basic framework
with which to understand bursty, avalanche-like events. It
involves a subcritical bifurcation which allows robust coexis-
tence of turbulent and laminar regions (even in the presence of
noise)—something which is impossible in the supercritical Fisher
model.We proceed as follows: first, the conventional wisdom on
turbulence spreading is discussed. Second, we introduce a new
bistable model and justify it with physical arguments. Third, the
new features of this model, and especially its implications for

turbulence spreading, are discussed. Finally, we derive the
threshold size for an initial, localized seed of turbulence to trig-
ger front propagation in a stable region.The key physics govern-
ing this threshold is a competition between turbulence intensity
scattering and local nonlinear growth. Such a transport event
originating from a seed is similar to an avalanche but propagat-
ing by scattering rather than gradient coupling, which is
neglected in this model.

Our model rests on the assumption of subcritically
unstable/bistable turbulence, similar to the well-known
cases of Poiseuille and plane Couette flows.21 There is con-
siderable evidence, suggesting that the turbulence in MF
plasma may indeed be subcritical, as well. Inagaki et al.17 have
demonstrated global hysteresis between the turbulence
intensity and the local temperature gradient in the Large
Helical Device. This hysteresis, which occurs in the absence
of a discernible transport barrier, implies a memory effect in
the turbulence and suggests the possibility of a bistable, S-
curve relationship between the intensity and the local gradi-
ent. From theory and simulation, the 3D Hasegawa-Wakatani
system is known to be subcritical in the presence of mag-
netic shear, due to a nonlinear streaming instability.22–24

Self-organized, self-sustaining turbulence has also been
observed in simulations of a more complex sheared system
based on the Braginskii equations.25,26 Guo and Diamond27

argued that the turbulence exhibits bistability in the vicinity
of temperature corrugations in the E�B staircase, a self-
organized structure of quasiperiodic shear flow layers.28

These corrugations arise due to inhomogeneous turbulent
mixing and drive ion-temperature-gradient-driven (ITG)
turbulence locally, which can result in further roughening of
the temperature profile and thus nonlinear turbulence drive.
A sufficiently strong ambient perpendicular shear flow can
also cause the turbulence to be subcritical29,30—this effect
has been observed in gyrokinetic simulations.31,32 Finally, we
note that phase-space structures such as holes and granula-
tions, which can interact with drift waves,33 are known to
drive nonlinear instabilities.34

In light of the above considerations, we propose the follow-
ing minimal model for the spreading of subcritical turbulence:

@tI ¼ fðIÞ þ @x DðIÞ@xIð Þ þ nðx; tÞ; (3)

with the cubic reaction function

fðIÞ ¼ c1Iþ c2I
2 � c3I

3; (4)

and c2; c3 > 0: nðx; tÞ is noise, which we ignore for now.We again
take DðIÞ ¼ D0I. This can be viewed as a simple extension of the
earlier paradigm—the term / I is the local linear drive, the term
/ I3 is the local nonlinear saturation, and we again have nonlin-
ear diffusion. The new physics is contained in the term / I2,
which represents nonlinear instability. In a certain regime, this
gives rise to bistability between a laminar state (or more gener-
ally, a background turbulence level) and a saturated turbulence
level. A rigorous derivation of the coefficients from a full nonlin-
ear model for the plasma evolution would require facing the
difficult task of resolving the large-amplitude nonlinear physics,
well beyond the breakdown of quasilinear theory. Instead,
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we note that this model captures the qualitative dynamics of
any model for spreading of bistable turbulence. One might
anticipate drift-wave scalings D0 � vGB; c1 � �x�; and (invoking
critical balance) c2 � c3 � x�. Here, � represents the deviation
from linear marginality. Our model is similar to some models for
the pipe flow transition to turbulence,3,4 as well as Gil and
Sornette’s model for avalanching in sandpiles.35

Equations (3) and (4) may bewritten in variational form

DðIÞ@tI ¼ �
dF
dI
; (5)

with Lyapunov functional

F I½ � 	
ð
dx

1
2
ðDðIÞ@xIÞ2 �

ðI
0
dI0 DðI0ÞfðI0Þ

" #
; (6)

where dF
dt 
 0 at all times. The extrema of the “potential part”

VðIÞ 	 �
Ð
dx
Ð I
0 dI

0 DðI0ÞfðI0Þ then determine the uniform fixed
points of the model and their stability. Of particular interest is
the weak damping regime with �c2

2=4c3 < c1 < 0. It is in this
regime that the model is bistable, and the dynamics are qualita-
tively different from those of the Fisher model (see Table I for
the details of the various parameter regimes). In particular, we

may define the fixed points I ¼ I6 ¼ c26
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c22 þ 4c1c3

p� �
=2c3;

transform I! IþI; and write jc3jI2þ ! c; I�
Iþ
! a; IþD0 ! D to

yield the Zeldovich-Frank-Kamenetsky equation36

@tI ¼ ~f ðIÞ þ @xð~DðIÞ@xIÞ; (7)

with ~f ðIÞ ¼ cIð1� IÞðI� aÞ and ~DðIÞ ¼ DI (we will drop the tildes
henceforth). The remaining dimensional parameters c and D
can also be scaled out of the problem via the transformation
x!

ffiffiffiffiffiffiffiffiffi
D=c

p
x and t! t=c, which provides the natural length and

time scales of the model.
Threshold behavior is now apparent: above I ¼ a (and below

I¼ 1), the nonlinear instability overcomes the linear and cubic
damping terms, and the turbulence grows locally. This corre-
sponds to a potential barrier in VðIÞ at I ¼ a. This threshold
behavior can lead to hysteresis, similar to that observed in the
study by Inagaki et al., if the turbulence level is raised/lowered
globally. As we will see, the nonlinear threshold is also symptom-
atic of avalanching.

The bistable regime supports traveling turbulence front
solutions with characteristic lengthscale

ffiffiffiffiffiffiffiffiffi
D=c

p
which are quali-

tatively similar to those of the Fisher model yet propagate in a
linearly stable or marginal region.37 The propagation speed c
obeys theMaxwell construction

c
ð1
�1

DðIðzÞÞI0ðzÞ2 dz ¼
ð1
0
DðIÞfðIÞ dI; (8)

where z¼ x – ct, and we have set I(z ¼ –1) ¼ 1 and I(z ¼1) ¼ 0.
In particular, the sign of c is given by the sign of the integral on
the RHS, and thus, turbulence spreads when a< a* ¼ 3/5,
recedes when a > a*, and is stationary for a ¼ a*. Note that I¼0
is a metastable minimum of VðIÞ, and I¼ 1 is absolutely stable,
when a < a*; the reverse is true when a > a*.

A prediction of this model which differs strongly from the
corresponding Fisher model prediction concerns the propaga-
tion of turbulence from an unstable zone into a stable zone. This
problem is, for example, relevant to the turbulent contamination
of transport barriers.38 This can be modeled by fixing a linear
growth rate cg > 0 for x<0 and a linear damping rate cd for
x>0 and allowing a turbulence wavefront to develop in the
lefthand region. In the Fisher case, the turbulence barely pene-
trates into the stable zone, forming a stationary, exponentially

decaying intensity profile with characteristic depth k �
ffiffiffiffiffi
D0
cNL

q
þO log

cg
cd

� �
; assuming cg � cd.

18 However, the subcritical model

allows for the possibility of ballistic turbulence propagation into
the stable zone. In particular, one easily sees that if the damping
is so weak that a < a*, a new propagating wave is formed in the
stable region, albeit with reduced amplitude and speed. This
results in significantly stronger delocalization of the flux-
gradient relation than is possible in a supercritical model.

We now turn to the problem of spreading from a seed. In
the Fisher model, all fluctuations in a stable zone damp like
exp ð�jc0jtÞ. However, for subcritical turbulence, a sufficiently
large spot or puff of turbulence, initially localized, will grow and
expand. This is akin to an avalanche. (The spreading of a turbu-
lent spot is also a classical problem in fluid mechanics.) We will
focus on the case a < a�; but note that if a > a�, there is an inter-
esting possibility of an “inverse avalanche” triggered by a local
depression in the turbulence intensity, i.e., receding fronts with
c<0 in Eq. (8).

A puff of turbulence must exceed the nonlinear instability
threshold somewhere (i.e., I > a) in order to propagate. The puff
must also exceed a threshold spatial scale. To see this, consider
the “cap” of the initial profile, i.e., the part exceeding I ¼ a, as
shown in Fig. 1. The threshold is determined by a competition
between the outgoing diffusive flux from the cap and the total
nonlinear growth of the turbulent intensity within the cap. The
turbulent mass scattered out of the cap will enter a region
where the effective growth is negative and the turbulence will
dissipate. This competition is also suggested by the form of the

TABLE I. Summary of features of the various parameter regimes in the cubic model. Unphysical roots (I< 0) are ignored.

Regime Stable roots Unstable roots Fronts Comments

c1 > 0 Iþ 0 Forward-propagating Similar to Fisher with c0 > 0
c1 < 0; jc1jc3=c22 < 15

64 0, Iþ I� Forward-propagating a < a*; turbulent root abs. stable

c1 < 0; 1564 < jc1jc3=c22 < 1
4 0, Iþ I� Receding a > a*; turbulent root metastable

c1 < 0; jc1jc3=c22 > 1
4 0 None None Similar to Fisher with c0 < 0
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Lyapunov functional, Eq. (6).
ffiffiffiffiffiffiffiffiffi
D=c

p
then sets a lengthscale for

the minimum seed size. Interestingly, diffusion both drives the
“avalanche” by providing the spatial coupling mechanism and
limits it by increasing the threshold size.

We now determine the dependence of the threshold size
on amplitude. Assume for simplicity that the initial profile I(x) of
the puff is smooth and even and that it has a single associated
lengthscale L and a single maximum I0 at x¼0. Define L so that
I00ð0Þ ¼ �I0=L2 (we assume that this derivative is nonzero). In the
cap,we have

IðxÞ ¼ I0 �
I0
2L2 x

2 þOðx4Þ; (9)

and I(x) crosses I ¼ a at 6 x0, where x0 ’
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 1� a

I0

� �q
L:We inte-

grate Eq. (7) from -x0 to x0. Expandingðx0
�x0

dx fðIÞ ’ 2x0fðI0Þ �
I0
3L2 x0

3f 0ðI0Þ; (10)

one finds that the turbulent mass in the cap, I 	
Ð x0
�x0 dx I;

evolves as

@tI ’ 2fðI0Þx0 �
I0
3L2 x0

3f 0ðI0Þ �
2DðaÞx0

L2 : (11)

Themass in the cap thus grows initially if

L�Lmin ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

3DaI0
cðI0 � aÞðð1� 2aÞI0 þ aÞ

s
: (12)

In particular, we find power law behavior Lmin � ðI0 � aÞ�1=2 for
I0 � a. The above estimate agrees well with numerical simulation
of the partial differential equation (PDE)—see Fig. 2. The expo-
nent –1/2 holds for any initial data close to threshold, does not
depend on the form of the diffusion, and is robust to transfor-
mations in the reaction function of the form I! Ib (b > 0).

How might this threshold be exceeded in a real system? In
the weak linear damping limit jc1j � c2

2=c3; we have I� � jc1 jc2
and

Lmin � ðD0
c2
Þ1=2 � ðvGBx�

Þ1=2 � Dc; where Dc is the correlation length

of the turbulence. jc1jc2
is small in this limit, and Dc is essentially the

smallest lengthscale of interest, so these are relatively weak
constraints. This suggests the possibility of avalanche excitation
by noise near the linear stability threshold. One possibility for
the noise is nðx; tÞ ¼ ðIðx; tÞ þ I0Þgðx; tÞ, where g is the Gaussian
white noise. Here, I0 represents a small background, say due to
sub-ion scale turbulence. The multiplicative noise / Iðx; tÞ is a
simple, reasonable choice that (correctly) vanishes in the
absence of fluctuations. Simulations of the stochastic PDE [Eq.
(3)] initialized at I¼0 indicate that small puffs of turbulence will
spontaneously form and grow as a result of the multiplicative
noise. As compared to linear diffusion / @xxI; the nonlinear dif-
fusion is ineffective at smoothing out the puffs because the term
/ I@xxI vanishes at small amplitude. Close to marginality, puffs
can exceed the threshold and form a propagating front. This is
consistent with the bursty, intermittent character of avalanch-
ing. Note that the turbulence transition in pipe flow is similarly
intermittent.39

In conclusion, this letter derives a threshold for turbulence
spreading into a linearly stable region. The subcritical model for
turbulence spreading considered above is a substantial improve-
ment over the Fisher model. The new model is motivated by
numerous theoretical arguments and observations in experiment
and simulation which support subcritical turbulence, and it
resolves the issue that supercritical models cannot reasonably
support the coexistence of multiple turbulence levels. It provides
a simple framework for understanding how localized puffs of tur-
bulence grow beyond the nonlinear stability threshold, thus trig-
gering intermittent avalanching and spreading into stable regions.

The model is directly testable in at least two ways. First, it
predicts a power-law estimate for the critical size for the seed

FIG. 1. The “cap” of a puff of turbulence. The competition between nonlinear turbu-
lence growth in the cap and diffusive flux out of the cap at x ¼ 6x0 generates a
threshold lengthscale for the growth of the initial condition.

FIG. 2. Numerically obtained lengthscale threshold Lmin(I0) at a ¼ 0.3 for three
different functional forms of the initial data: I1 ¼ I0 exp ð�x2=L2Þ (red), I2 ¼ I0=
ð1þ x2=L2Þ (blue), and I3 ¼ I0ð1� x2

L2Þ supported on jxj < L (green). The numer-
ical results are compared with Eq. (12) (solid line). Lmin is expressed in units offfiffiffiffiffiffiffiffi
D=c

p
.

Physics of Plasmas LETTER scitation.org/journal/php

Phys. Plasmas 26, 030701 (2019); doi: 10.1063/1.5083176 26, 030701-4

Published under license by AIP Publishing

https://scitation.org/journal/php


of an avalanche, which can be compared to simulations.
Moreover, it predicts the possibility of strong ballistic invasion of
turbulence into a stable zone with weak damping. Such a behav-
ior is forbidden in a supercritical model and, if observed in simu-
lation or experiment, would be suggestive of turbulence
bistability. However, such a behavior would be challenging to
disambiguate from an avalanche proceeding by gradient propa-
gation (which we artificially neglect), unless the gradient were to
remain subcritical after the penetration of turbulence. Finally,
the model may be tested by studies of the response to localized
stimuli, as in recent basic experiments on avalanching.40

Finally, we note that this picture is of course highly simpli-
fied; a complete model of spreading must include couplings to
zonal flows and profiles, which is the subject of future work.

We acknowledge Guilhem Dif-Pradalier, Zhibin Guo, and
€Ozg€ur G€urcan for useful discussions, as well as fruitful
interactions at the 2018 Chengdu Theory Festival. This
material is based upon the work supported by the U.S.
Department of Energy, Office of Science, Office of Fusion
Energy Sciences under Award No. DE-FG02-04ER54738.
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